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Why GMRFs?

Why ‘Markov’?

When is “GMRF + GMRF = GMRF”?
What about ‘non-Markov’?

Russian mathematician Andrey =
Markov
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Correlation: definition

Tightly connected to the multivariate Normal distribution

Need the concept of correlation

Two random variables U and V, with zero
mean and unit variance:

Corr(U, V) & E(uv)

Was “invented” in regression late 1800

Often motivated using regression

Describes “linear dependence” only
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Multivariate Normal distribution

@ Random vector (x1,...,Xn)
@ (Scaled and centred) density

1
7(x) o |€| 72 exp (—ZXTC_1X>

@ Cisthe (SPD) correlation matrix
@ diag(C) =1

May 2026

O

5/34



Multivariate Normal distribution

O

Random vector (xq,. .., Xp)

(Scaled and centred) density

1
7(x) o |€| 72 exp (—ZXTC_1X>

Cis the (SPD) correlation matrix
diag(€) =1
Cyj = E(xx;)




Multivariate Normal distribution

Random vector (xq,. .., Xp)

(Scaled and centred) density
-1/2 1 1
m(x) o< |C]| exp | —oX C 'x

Cis the (SPD) correlation matrix
diag(€) =1

Cjj = E(xx)

Ci=0<xx Lx(i#))
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How to think about correlation?

@ dim= 2 with correlation p, then

E(x1]x2) = px2 Var(xixo) =1 —p?

@ What value of pis “half-correlation”?
@ The natural “distance” is /Var(x1|xz), hence

,/1_p2:1

2

gives p = /3/2 = 0.866. ..
@ A “better” parameterisation:

p=1—sign(p)y1— p?

gty
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@ Conditional independence of x; and x;, equals
independencein

(X, X | X—jj)

@ Theresultis, with @ = €1, that ‘o

Q,‘j:0<:>X,'J_Xj‘X,,'j

@ This is potentially very very useful, as
o If Qisfully connected then Cis dense e
(Cayley-Hamilton thm)
o Describe dependence by a sparse Q
@ Sparse matrices: faster computations
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Conditional independence

Example: Markov processes in time S

(]

@ Auto-regressive process of order 1

Xt =Pxe—1+€, 0<¢o<l, t=1,...,n

=001
~4=08

with Gaussian noise ¢; [REL)

@ Linear graph e
@ Qistridiagonal (factorisation cost O(n)) 4

@ Cis ¢~ Il (exp-correlation function) J
@ Cont.time: Ornstein-Uhlenbeck process

dxe = —0 x¢ dt + dWt, R TR T R
Wiener process W;
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How does correlation work?

@ Let

S )]

X1=21+ 1

Xop =2 + |4
@ z;,2,, 1 are independent zero mean Gaussian’s
@ Var(u) = o2, Var(z) =1

@ Then

COI’F(Xl,Xz) =
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Conditional independence Hierarchical formulation

How does correlation work? P
@ Let
X1=21tu
X2 =22+ |

@ 71,2, i areindependent zero mean Gaussian’s
@ Var(u) = o2, Var(z)) =1

@ Then

0_2

o2 +1
@ This is an constructive/intuitive way to introduce correlation (which is
a ‘consequence’ of the construction)

Corr(xy,x2) =
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What is a GMRF?

@ A Gaussian Markov Random Field is a
multivariate Gaussian

x ~ N(0,Q7Y)

where Q is the precision matrix (= X71)
@ x; Lxjx_j <= Q;j=0
@ Form a graph G with an edge betweeniandj

if Qj # 0.

(]

Monographs on Statistics and Applied Probability 104

Gaussian Markov

Random Fields
Theory and Applications

Havard Rue
Leonhard Held

@ CRC Press
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What is a GMRF?

@ A Gaussian Markov Random Field is a
multivariate Gaussian

x ~ N(0,Q7%)
where Q is the precision matrix (= £ 1)

@ X J_X,'|X_,'j <~ QU =0
@ Form a graph G with an edge between i and j

if Qj # 0.
@ Thenxisa GMRFwrtg
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Conditional independence Hierarchical formulation

What are good “operations” for GMRFs? P

Updating/Learning:

x ~N(0,Q")
then we observe
yix ~N(x, Q%)
Var(xly) = (St + 5,1 Prec(x|y) = Q, + Q,
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What are good “operations” for GMRFs?

0.

Distribution of sums:
n=x+y+z

wherex ~ N(0,Q,%),y ~ N(0,Q,')andz ~ N(0,Q;1).

Q= (et +Qt+QY) "

Q,, is (in general) dense and it is costly to update Q,,

The covariance formulation is easy

Marginalisation destroy sparsity...
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What are good “operations” for GMRFs?

Distribution of sums:
n=x+y+z

wherex ~ N(0,Q,%),y ~ N (0,Q,') and z ~ N (0,Q;1).
@ Using “e” with high precision 7

n=X+y+z+e

@ Then
n T —7l -l -7l
x| Q, + 7l 7l 7l
var y| Q, + 7l 7l
z Q,+ 7l
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What are good “operations” for GMRFs?

Distribution of sums:
n=x+y+z

wherex ~ N(0,Q,%),y ~ N (0,Q,') and z ~ N (0,Q;1).
@ Using “e” with high precision 7

nN=X+y+z+te

@ Then
n o Y | —l —l
Var X _ Q, + 7l Tl Tl
y Qy + 7l Tl
z Q,+ 7l

@ Good practical solution unless choice of 7 becomes an issue

0.
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Distribution of sums:
n=x+y+z
wherex ~ N(0,Q,%),y ~ N (0,Q,')andz ~ N(0,Q;1).

@ Using cummulative sums

X X+y+z
y|=| y+z
z z
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What are good “operations” for GMRFs?

O

Distribution of sums:
n=x+y-+z

wherex ~ N'(0,Q;1),y ~ N(0,Q,%) and z ~ N(0,Q;?).

@ Using cummulative sums

X X+y+z
y|=| y+z
z z
@ Then
X QT
Var{y | =1 " Q+Q: - Q
z

@ More efficient, but no access to x and y directly.
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What are the advantages with GMRFs?

O

More focus on a “generative” model, where

“generative” is interpreted as conditioning

Better interpretation via conditioning and/or sharing

The bigimplication, is that correlation is a property of the distribution,
not how to the distribution is/should-be defined

Superior computational properties

and others...
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Example: dimension=1 S
Time-series literature is, at best, notoriously confusing

@ Auto-regressive processes

p
(D@
Xt ’Xl,...,Xt_]_ ~ N(Z¢5Xt—5702) 0 \/ O

s=1

@ The correlation functionisforp =1

Corr(xe, Xeps) = ¢l *

05




Conditional independence Hierarchical formulation

Example: dimension= 1 )

(]

Time-series literature is, at best, notoriously confusing

@ Auto-regressive processes

p
(D@
Xt ’X17---’thl ~ N(Zﬁbsxtfsﬂfz) Q \/ °

s=1

@ The correlation functionisforp =1
Corr(xe, Xers) = ¢l

@ Another viewpoint

E(xe|x—¢) = (Xe—1 + Xe+1)

¢
1+ ¢?
with some conditional variance
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n—k T
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Conditional independence Hierarchical formulation

Example: dimesion= 2 )

(]

“standard” model in spatial statistics++ with regional data

@ Traditionally written as

m(X) o 7T exp(—g Z wii(x; — Xj)z)

inj

@ (By why should how data are collected
determine what model to use?)
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Additive regression models/GLM++ P

@ Linear predictor

LONGITUDINAL, AND

BAYESIAN SURVIVAL,
77i=,u+§ Bizij + 1+ Fai + - -
J JOINT MODELS WITH INLA

Longitudinal Survival

with observations

y,-] ] 7T(y,'|’l7,',...)

Time

Denis Rustand, Janet van Niekerk,
Elias Teixeira Krainski, and Havard Rue




Conditional independence Hierarchical formulation

Additive regression models/GLM++

(]

@ Linear predictor

- .. . T BAYESIAN SURVIVAL,
ni=p+ Z Bjzip + fri + Foi + LONGITUDINAL, AND
J JOINT MODELS WITH INLA

Longitudinal Survival

with observations

y,-] ] 7T(y,'|’l7,',...)

Time

@ f, is a Gaussian process, think times-series,

Denis Rustand, Janet van Niekerk,

Spatial-mOdel, Spline, some kind of Elias Teixeira Krainski, and Havard Rue
dependent ‘random effect’, measurement
error model, etc...
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Conditional independence Hierarchical formulation

Key observation

@ Ifeach f, is a GMRF, then

X:(/Bl7/827"’7f17f27"‘)

is also a GMRF with precision matrix Q

@ Letn = Ax. Assume Gaussian data with unit
variance, then x|y is a GMRF with precision
matrix

Q+AA

O

May 2026
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Keep it in the family!

S

GMRFs is closed
@ sums
@ conditioning
iff done right: no marginalisation!
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Conditional independence Hierarchical formulation
i

What about non-Markov processes? s

G

@ Does the outcome of tomorrow depends on
what happed when “Eve ate the apple”?

@ Math versus reality

@ Non-Markov processes we are interested in,

are “almost always”, my claim, just a sum of
simpler Markov processes.
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Conditional independence Hierarchical formulation

What about non-Markov processes?

@ AR1 processes: (1 — ¢1B)y: = €;and (1 — ¢2B)z: = ¢
@ Theirsumisx; = y; + z4:

Xt =(1—¢1B) et + (1 — $2B) '1i
@ Thisis an ARMA(2,1) process

(1 — $1B)(1 — ¢2B)xt = (1 — ¢2B)er + (1 — ¢1B) 1y

=)

<
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Example: Fractional Gaussian noise = P

1
ye (k) = 5(|k— HRH =227 e+ 12H), k=0, 1, n— 1.

1.0

(k)
04 06 08

0.2

0.0

T T | T T
0 500 1000 1500 2000 = 9Hao



Continue...
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Continue...

S )]

m
Xp=o0 Z ),
=1

> round(dig=4, inla.fgn(0.9)[,-1])
phil phi2 phi3 phi4
0.9996 0.9871

wil w2 w3 wa
0.8869 0.3766 0.253 0.157 0.217 0.371
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Conditional independence Hierarchical formulation

Continue...

(]

Mean-centered water level

T T T T T T T T
600 700 800 900 1000 1100 1200 1300

Time

The Nile River data, particularly the yearly minima at Roda gauge
(622-1284 AD) and annual streamflow (1871-1970), is a classic
example of long-memory (or long-range dependence) in
hydrology . Harold Edwin Hurst (1950s) identified that Nile

fluctuations show high correlation over long periods, with a Hurst
exponent H = 0.9, indicating persistent alternating periods of high
and low flow, contrary to random, short-term models. @ AGU Publications +5
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FGN
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@ The FGN is just a mathematical model
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FGN

@ The FGN is just a mathematical model

@ The Hurst parameter H determine the properties of the
simpler/Markov components
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Conditional independence Hierarchical formulation
FGN =

(]

@ The FGN is just a mathematical model

@ The Hurst parameter H determine the properties of the
simpler/Markov components

@ The interpretation is through the simpler/Markov components, not
that this is “long memory”
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Covariance or Precision, does it matter?

@ Yes!
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Covariance or Precision, does it matter?

@ Yes!

@ Covariance is over-sold in the classical
literature
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@ Covariance relates to independence

@ Precision relates to conditional
independence
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@ Yes!
@ Covariance is over-sold in the classical e
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@ Covariance relates to independence

Arup Bose
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@ Yes!
@ Covariance is over-sold in the classical Large Covaria
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literature Matrices
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@ Covariance relates to independence
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independence
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Conditional independence Hierarchical formulation

Covariance or Precision, does it matter?

@ Yes!

@ Covariance is over-sold in the classical
literature

@ Precisionisn’t sold (nearly) at all!
@ Covariance relates to independence

@ Precision relates to conditional
independence

@ Correlations induced through conditioning,
or sharing random variables

@ If your modelis not Markov, then be sure that
you are doing it “right”

@ The computational cost really depends on
the covariance/precision choice

Large Covarial
and Autocovariance
Matrices

Arup Bose
Monika Bhattacharjee
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What’s tomorrow?
@ Continoustime

@ Continous space
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@ (Approximate) Bayesian inference
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@ Numerics for sparse (precision-)matrices



Conditional independence Hierarchical formulation

What’s tomorrow?

Continous time
Continous space
Where do GMRFs come now?

...and the solution is still a GMRF
(Approximate) Bayesian inference
Variational Bayes

Numerics for sparse (precision-)matrices

New sparse solver: sTiles

Generalisation: how simple ideas can solve hard problems
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